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Abstract

Classical disease models use a mass action term as the intefzetiveen infected and susceptible people in separate patches.
We derive the equations when this interaction is a migration of people between patches. The results model what happens when
a new population is moved into a region with endemic disease.
0 2004 Elsevier B.V. All rights reserved.

PACS 87.19.Xx; 07.05.Tp; 02.30.Hq

The spread of infectious disease in a population can and infected individualg, namely:

be modeled by a set of ordinary differential equations ;¢ B

that describe the rate at which the populations of sus- — = uN — (N)IS’ (1)
ceptible, exposed, infected, and recovered depend on

the number of people in those categories and a set of 41 — (E)IS —yl, %)
parameters that model the infectious spread and recov- dt N

ery of that diseasgl,2]. In the simplest form of this ~ wherep is the birthrate at which new susceptibles are
model we deal only with the number of susceptilsle, added to the population is the total number of peo-
ple, (8/N) is the contact rate, angd is the rate at
which infected people recover. Recovered individuals
are assumed to be permanently immune and for popu-
mspondmg author. Iations_ of gonstant size may be neglected. A cent_ral as-
E-mail address schwartz@nlschaos.nrl.navy.mil sumption in these models is that the rate of new infec-
(1.B. Schwartz). tions is proportional to the mass action teffy N)IS.
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These models assume that the infected and susceptime scale of the patches. In models with two patches
tible people are perfectly well mixed at every instantin we determine how the maximum number of people
time. An increasingly important question in epidemi- infected in the epidemic depends on the onset time
ology is how to extend these classical formulations scale of the migration. In models with 20 patches, we
to adequately describe the spatial heterogeneity in the show that this epidemic cappear to travel as a wave
distribution of susceptible and infected people and in spreading through the patches.
the parameters of the spread of the infection that is  Egs.(1), (2) are based on the assumption that the
observed in both experimental data and computer sim- entire population is homogenous. In a real population,
ulations[3-5]. This has been done previously by mod- it is more likely that an infected person will spread
eling the people as organized into separate patches ofthe disease to nearby susceptibles, while further away
different sizes and assumitigat the rate of new infec-  there will remain homogenous pools of non-infected
tions in patchk due to the infected people in patgh susceptibles. Thus, there will be islands of both sus-
also has the fornify;/Ni)1;Sk. That is the coupling  ceptible and infected people. The spread of the dis-
between the patches has been assumed to be a nonease will depend on the complex geometry of the sizes
linear, mass action term. Such coupling, along with of these regions and the borders between them. This
seasonal driving, has been shown to excite long period, patchiness of susceptibles is analogous to diffusion
small amplitude oscillations in both deterministic and limited chemical reactions in a tank reactor, such as
stochastic setting$]. A+ B — C [7]. AstheA’s andB’s interact in a region

Here we propose a new approach to compute the they are converted t6’s except for excesd’s or B’s.
effects of the spatial heterogeneity and the spread of Thus, as time goes on, increasingly large regions of
infection between different patches of people. First, A’s, B’s, andC’s are generated. The reaction now can
we describe how the parameters of the spread of in- only proceed on the borders of those regions. Thus the
fection are likely to scale with the number of people reaction rate declines in time, whereas it is normally
in a patch. This makes it possible to compute the num- assumed to be a constant in time. The reaction rate is
ber of susceptible and infected people at steady stateconstant only when, at each instant, an invisible hand
and compare those results from sets of patches with reaches into the reaction components and well mixes
different distributions of population sizes. all the reactants and products. The nature of the reac-

Second, instead of the classical mass action ap-tion itself creates spatial heterogeneities that change
proach, we model the spread of infection between the the dynamics of the reaction.
patches as the migration, that is a flux, of suscepti-  Because the regions around an infected person be-
ble and infected people heten the patches. We show come depleted with susceptible people who have just
that this new flux-based approach is useful in comput- become infected, the rate of infection will be less than
ing the steady state and dynamical properties of the if all of the susceptibles in the population were at risk.
spread of infection through different patches. We use Thus g will depend on the size of the populatian
it to compute how the migration of people between in the patch. AsN increases, the screening effect of
the patches alters the steady state number of susceptithe heterogeneity also increases. Ti#ysvhich is a
ble and infected people in a distribution of patches of constant in the classical model, is more realistically a
different sizes. We show, perhaps surprisingly, that the function of N. We assume the ansatz that
migration of infected people changes the steady state _s
number of infected people in each patch, but not the B=PBsN"", ©)
steady state total number of infected people in all the whereg; is a constantlV is the number of people in a
patches. We then use the flux-based approach to com-patch, ands| < 1. Such power law scalings have been
pute the dynamical behavior of patches when the onsetdescribed by Anderson and Mg . Based on whether
of migration occurs at different time scales. These re- an infected person always contacts the same number
sults may be useful in understanding what happens of other people, or a number of people proportional
when a new populationis introduced into a region with  to the population size, they proposed thdt < § < 0
endemic disease. We show that epidemics result whenand estimated that0.07 < § < —0.03. On the other
the onset of migration isapid compared to natural hand, Hethcote et a]8—11] found that for 5 human
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diseaseg = —0.05. Because of the uncertainty in the
value of§, for completeness, we will consider both the
cases fos < 0 andé > 0. Similarly, we also assume
that the birthrate also depengis namely

4

whereu, is a constant an¢k| < 1. We consider the
cases for botls < 0 ande > 0, that is when the sus-
ceptibles are preferentiallgdded further away from
the infected people as well as closer to the infected
people.

We first determine how the steady state total num-
ber of susceptibleSiota, and infected,liotal, people
compare to those that would occur when &l are
present in one homogeneous patch for different dis-
tribution of patch sizes. The steady state solutions,
dS/dt =dI/dt =0, to Eqs(1), (2)areS = (y/B)N
and/ = (u/y)N. If the whole populationN7, is di-
vided into (Nr/Np) patches each of populatialip

= pusN®,

then,

Stotal Mo\’

el (1) ©)
Total No \*®

;a:<3;>, (6)

where S, and I,, are the total number of suscepti-
ble and infected people when the whole population is
present in one patch.

Many physical, chemical, and biological systems
with spatial heterogeneity are well characterized by
power law distributions in the distribution of the sizes
of the spatial domaind2—-16] Moreover, the underly-
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of people in all the patchedr is

o Ng

Ny = f Nf(N)dN, (8)
No

and by integratind (N) f(N)dN andS(N) f(N)dN

we find that

Stotal ﬂ 8 2—D a2 D+s _q ©)
Sw  \Nr 2—D+3$ w201 )

Ttotal _ No ¢ 2-D a?2D+e _q . (10)
Iy Nr 2—D+e¢ a2D 1

The total steady state number of susceptible and in-
fected people in a heterogeneous set of patches, each
with different infectious parametefsandu, are given
by Egs.(5), (6) and (9), (1Q)For example, for a power
law distribution of populations, wheh> 0 ande > 0,
the total steady state number of infected and suscepti-
ble people is less than those that would be present if all
the people were in a single, well mixed patch wjth
andu given by Eqs(3), (4). The difference from the
single, well mixed patch increases Bsincreases in
Eq. (7), and reaches plateaus Bsapproaches:co.

For a power law distribution of populations, when
§ < 0 ande < 0, then the total steady state number of
infected and susceptible pgle is greater than those
that would be present if all the people were in a single,
well mixed patch and this difference increases with
increasingD. The utility of this approach, based on
the scalings of the infectious parameters with popula-
tion size and on the distribution of patch size, is that it
makes it possible to quantitatively determine how the
steady number of susceptible and infected people de-

ing mechanisms that produce the spatial heterogeneityPends on the heterogeneity of the patches.

in those systems, such as those in diffusion limited
chemical reactions, often gdend on interactions that
occur only at the borders of the spatial domains, which
here is analogous to the spread of infection from in-
fecteds to susceptibles. Tleéore it is instructive to
consider what happens when the population is parti-
tioned into f (N) patches withV people in each patch,
where

f(N)=AN"P, @)

and the smallest patch hag people and the largest
patch hastNg people, wherer > 1. The total number

So far we have modeled the spatial heterogene-
ity by partitioning the popution into separate, non-
interacting patches. We now determine how these re-
sults are changed when there is a migration of suscep-
tible and infected people between the patches. Here
we consider the physical movement of infected peo-
ple from one patch to another, for example, such as
the relocation of people from one city to another or
in refugee camp§l7]. Note that this flux-based ap-
proach differs from models which use a mass action
term to model the interaction between the patches.
This change in perspective makes it possible for us to
show that when susceptible or infected people move
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from one patch into another that there is no change in namely,

the steady state total number infected and little change .

in the steady state total number of susceptibles.

We start by considering only one patch with a con-
stant net rate op® susceptible people and infected
people moving into that patch. Using the fraction of
susceptibles = S/N, and the fraction of infecteds
i=1/N, Egs.(1), (2)now become

ds .

E=M—,315+Ps» (11)
di ;

E:ﬂis—yi+p’. (12)

The steady state solutionds/dt = di/dt = 0, for
Egs.(11) and (12pre

S_(Z) i+ (13)

- \B 14 2t ’

i=<ﬁ>+<P_s)+<P_l), (14)
y y y

If there were no movement of susceptible or infected
people, therp® = p’ = 0, and the fraction of suscep-
tibless% = (y /) and infecteds® = (1/y). We now
considerL patches with parametefg andu, in each
patchk, where there is no movement of people be-

tween the patches. The total number of susceptibles Stotal =

and infected is

L

k=1
o

[t%talzz<7)Nk- (16)
k=1

259
L .

> piNk=)_piNe=0 (18)

k=1 k=1
and thus

Sy

Lrotal = Z(—>Nk = Iigear (19)
=1V

Hence, the movement of steptible and infected peo-
ple from one patch to another patch does not change
the steady state total number of infected people. The
movement changes the number of infected people at
the steady state in each patch, but it does not change
the total, steady state number of infected summed over
all the patches.
The total number of susceptible in all the patches,
p.i
1+4+

found from Eq.(13)becomes
- Y
Stotal = Z(ﬂ_) |: :|Nk.
kvl NP2 L1+
When (p; /i), (p,i/uk) <« 1, then the total number
of susceptibles becomes

(20)

(p{+ph)
I

L

(- 30)

i\ 2 s\ 2
Pk Py 0
m m total

Thus, when the rate of movement of susceptible or in-
fected people from one patch to another is small com-
pared to the birthrate of susceptibles, the steady state
total number of susceptibles is only moderately differ-

(21)

When Susceptible and infected people move between ent from that total when infected peOple do not move

the L patches, the total number of infected in all the
patches, found from E¢14) becomes

L

L
k 1
Trotal = Z(%)Nk + (—) ZPiNk
k=1

k=1 Y

1\ &
+ (—) Z PNk
14 k=1

17

between the patches.

If there areL patches, the movement of susceptible
and infected people between the patches will likely
depend on the number of susceptible and infected
people already in each patch. Thus the generaliza-
tion of Egs.(11), (12)will have terms such ap; =
P; (51,582,583, ...,8) and p, = p; (i1, iz, i3, ..., ix).

For the general case, as well as even for the steady
state, wherels, /dt = diy/dt = 0, the equations are

Since the all the susceptible and infected people that non-linear and there is no simple analytical solution
leave one patch must enter another patch, the net flowfor s, andi;. However, as we now show, these equa-
of susceptible and infected people must equal zero, tions can be solved for the steady state if we make
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Fig. 1. Flux-based model for theigmation of infected people be-
tween two patches. During each brief time, (r1y)I1Ar infected
people move from patch 1 into patch 2, angly ) I Ar infected peo-
ple move from patch 2 into patch 1.

the assumptions that there is no movement of suscep-

tibles and that the rate of movement of infecteds out
from a patch is proportional to the number of infecteds

in that patch. Therefore, we now use these assump-

tions to compute the steady state solutions analytically
and the transient dynamics numerically.

We now consider the case of two patches with
Sr susceptibles/; infected, Ny people, contact rate
Box = (Bx/Ny) and birthrateuy, wherek = 1,2. We
assume that infected people from patch 1 move into
patch 2 at a rate ofr1y)Il1 and from patch 2 into
patch 1 at a rate ofrpy)I>. The parameters, are
the ratios of the rate of decline of the number of in-
fecteds in patcht due to those who leave the patch,
r1(y I1), compared to those recover from the disease,
(yI1). During a brief timeAr, (r1y)I1At infecteds
move from patch 1 into patch 2, anghy)l2At in-
fecteds move from patch 2 into patch 1, as illustrated
in Fig. L For patch 1, the new number of infecteds af-
ter atimeAtr is [I1 — (r1y)[1At] + (r2y) I2At. Thus,
the change irf, and Iy over a brief timeAr are

AS1 = [n1N1 — Bor(1 — riy AD 1151

— Bow(r2y) 2S1At]At, (22)
Al =[porl—riyAnLS1—y(L—riyAnh

+ Boa(r2y) 28141 — y (r2y) [2At

— ()1 + (r2y) I2] At. (23)
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In the limit as Ar approaches 0, the terms of order
(A1)? < (A1), and Eqs(22), (23)become

dS1
o m1N1 — Bo1l1S1, (24)
dl1
yrie Borl1S1—y I — (riy) 1+ (r2y) Io. (25)

The full set of equations for the two patches can now
be expressed as

% =1 — Pii1si, (26)
R (=7)
% = B1ir1s1 — yi1 — (r1y)ir + (QV)(%)’Z (28)
% = Paizs2 — yiz2 — (r2y)iz2 + (ﬂ)’)(%)il’ (29)

wheresy = S1/N1, s2 = S2/N>, i1 = I1/N1, andiz =
I2/N». The steady state solutiongsy /dt = diy dt =
0, to Eqs(26)—(29)are

aty

= , 30

"7 B (30)
2

S 31
N Baiz 1)
A+t +r2(%—i)(%), 2

14+ri+r

A+ ED) e
12 = 1+r1+r2 . (33)

It is straightforward to extend these results to models
with a larger number of patches. For example, we used
Maple (Waterloo Maple Inc. 2003) to compute the an-
alytical solution for the steady state for models with
three patches.

We studied the dynamical properties of this two
patch system by numerical integration. &sand iy
may approach zero, to insure better numerical stabil-
ity, the variablesy andi; were first replaced by the
logarithmically transformed variable$ = In(s;) and
i, = In(ix) in Egs.(26)—(29) (Note that the variables
here can possibly have values that represent less than
one individual, which could cause the termination of
the infection. We will consider these effects due to the
discrete nature of the population in future studies.) The
equations were then integrated numerically in Matlab
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using ODE113 with relative tolerance 1®and ab-
solute tolerance 102

We used this two patch model to determine the
response of a new populatioNp, introduced into a
region of population N1, with steady state endemic
disease. We simulated the introduction of the new pop-
ulation at timerg over time scale by makingr; time
dependent

re(1) =0,
re(t) = r,?[l — ef(tfl(’)/r],

t <to,
t > 1. (34)

A single, isolated patch has oscillations in the fraction
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flux of infected people into it from the large regional
population. The sudden loss of infected people from
the larger, regional population eventually drives it far
from its own steady state, inducing epidemics in its
own population. The flux of infecteds into the newly
introduced population is proportional to the number of
infecteds in the large, regional population. Therefore
it is these epidemics in the large regional population
that now induce epidemics in the newly introduced
population. It is also striking that quite small values
of r; can drive significant epidemics, when< T.
The sensitivity of patch dynamics to such small cou-
pling parameters betweehe patches has been noted

of susceptible and infected people about the steady by Viz, Billings, and Schwartf18] in models where

state that define a natural frequency of the patch which
can be computed from the eigenvalues of Ed9,
(2). The periodr of this natural frequency is approxi-
mately

2w

B
The dynamical behavior of this two patch model de-
pends strongly on the relationship betweeand T .

We illustrate this withN; = 10f, N = 5 x 1,
r9=0.1,r) =0, 1 =10 yr and the parameters typ-
ical of those of measlefs] namely,y = 100 yr1,

u1 = 0.02 yr1, and B = 1200 yrl. Based on the
scaling assumption of Eq$3), (4), we choseu, =
0.02 yr1 and > = 1000 yr!, namely thats = 0,
ands = —0.263. For these parameters, the natural pe-
riod of the patches from E¢35)are 71, = 1.3 yr and
To=14yr.

For t = 10 yr>»> Tk, the onset time scale of the
migration of infected people is much longer than the
natural time scale of the patches. In this case the mi-
gration does not induce a significant epidemic in either
population. This is illustrated ifrig. 2a and b. Also
shown inFig. 2is the adiabatic, quasi-steady approxi-
mation forsz, s2, i1, andi, as defined by evaluating the
steady state solutions, Eq80)—(33) using the time
dependent values @f (¢) from Eq.(34).

However, fort = 0.1 yr <« Tk, the onset time scale
of the migration of infected people is much shorter
than the natural time scale of the patches. Now the
migration induces significant epidemics (local max-
ima in ix) in both populations. This is illustrated in
Fig. 3. Note that the largest epidemic in the newly in-
troduced population is not directly driven by the initial

(35)

the patches are coupled by mass action terms. At long
times, sy andi; converge to the same steady state so-
lutions as inFig. 2.

The strength of the largest migration induced epi-
demic in the newly introduced population, as mea-
sured by mag>) from the numerical simulations, is
illustrated inFig. 4as a function oft/ Ty), forr, =0
and several values of. When(z/T1) > 1, the initial
local maximum iniz is lower than the new steady state
value ofi; reached at long times, and thus max is
equal to this new steady state valueinfAs (t/T1)
decreases, the maximum of the migration induced epi-
demics increases and reaches a platedu/dg ) <« 1.

The plateau occurs because #pidemics in the larger
regional population (and the subsequent epidemics it
induces in the newly introduced population) depend
on the natural periodly, of that patch and therefore
become insensitive to further decreaseg irAs ex-
pected, the transition between the new steady state
values and the plateau is reached at approximately
(t/T1) ~ 1.

We also studied the effects of turning off the mi-
gration of infected people between the patches. When
the patches were at their steady state values at con-
stant values of migration, we reduced the migration to
zero over an offset time scale of Similar to results
we found for the onset of migration, when the offset
times scaler >> Ty there were no migration induced
epidemics whiler « Ty initiated migration induced
epidemics.

An important conclusion from these two patch flux-
based studies is that the rate of migration of infected
peopleyi, only moderately alters the steady state frac-
tion of infected people in each patch, as given by
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Fig. 2. Fraction of susceptible (a) and infected (b) people in each of two patches computed from the two patch flux-based mmede0 wt
infected people from the iige regional populationy; = 10°, start migrating into the newly introduced populatidih = 10°, at onset time
scaler = 10 yr. At short times, there is no significant epidemic in eithatch since the onset time scale of the migration is much longer
than the natural time scale of the patches. At long times, the migratianges the steady state fraction of susceptible and infected people.
Legend: bold black line—large regional poputatj light black line—newly introduced populatiodotted lines—adiabatic quasi-steady state
approximations, boxes—maxima. (The dotted line for the adiabatisi-gtready state approximation iswered by the overlapping bold black
line for the susceptibles in the large regional populatioRig 2a.)
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Fig. 3. Same two patch flux-based modeFig. 2, except that the onset time scale of the migration of infected peopid).1 yr is now much
shorter than the natural time scale of the patchesr@lare now significant epidemics (local maximayghin both populations. Note that the
largest epidemics in the newly introduced population are driven bypfliEmics in the large regional poption that were triggered by the
initial flux of infected people out of this population. At long timeg,andi; converge to the same steady state solutions &&gin2
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1.0E-04
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Fig. 4. The strength of the migration inducegidemic in the newly introduced populatiomaxiy) is plotted as a function of the ratio of the
onset time scale of the migration of infectpdople to the natural frequency, namety,71, for r{ = r andrp = 0. As t/ Ty decreases, the
maximum fraction of infected people in the newlyrduced population increas and reaches a plateau.

Egs.(32), (33) and it alone does not determine if there
are migration induced epidemics. It is the onset time
scale,z, of this migration that determines the exis-
tence and severity of epidemics in both populations.
Migration induced epidemics occur when the onset
time scale is less than the natural time scalef the
patches, which is given by E@35). Moreover, the
severity of the migratip induced epidemics reaches

We studied several different patterns of migration be-
tween the patches including: equal migration between
all the patches, randomly assigned values for the mi-
gration between all the patches, equal serial migration
(patch 1< 2 <> 3« --- < L), equal unidirectional
migration (patch *» 2 —- 3 — --- — L), equal ring
migration (patch k> 2 <> 3« --- < L <> 1), as well

as uncoupled patches. We set fixed rati¥s/ N1,

a plateau and does not increase further when the on-for the populations between the patches and used the
set time scale is further reduced beyond approximately scaling assumptions of Eq®), (4)to choose the val-

0.1 that of the natural time scale of the patches.

In order to model more than two patches we extend
Egs.(26)—-(29)to k =1, 2, ..., L patches by defining
an L x L matrix r, wherery;y I is the flux of in-
fected from patchk to patchj. The equations, with
the logarithmically transformed variablés = In(ix)
ands; = In(sx), are now

dS/ o -/

d_tk = pre "k — Bre'r, (36)
di! , L N\ v

Tk e — oy 4+ P A DR ) S .

g = Pret =y Vjé[w(lvk)e rk,]

(37)

ues of ux and g, in the patches. We computed the
results for models with. < 20.

As the degree of coupling is increased, for exam-
ple, from equal serial migration to equal migration be-
tween all the patches, the epidemics in all the patches
become more synchronous and more coupled to the
natural time period of the patch with the largest pop-
ulation, even at very low values of This is consis-
tent with results from other studies of coupled systems
where the coupling strength to produce global syn-
chrony approaches zero as the system becomes glob-
ally connected19,20].

Another interesting result from these studies is il-
lustrated inFigs. 5 and 6 In these simulations 20
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2.1
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1.95

19r- n

1.85 ' ' :
10 105 1 115

time t (yr)

Fig. 5. Flux based model with 20 patchés£ 1,2, 3, ..., 20) serially connected in aline. The ratio®f/ 1 = 1.1, so that the natural period
increases away from the first, largest patéh= 1) along the line until the last patott = 20). The peaks (boxes) of the fraction of infected
people in the migration induced epidemic appeeravel as a wave away from the first patch.

patches are serially connecte(i:k 41 =0.002 (k = away from the first largest patch, then the patches fur-
1,2,...,19), the parameters of the first patch are the ther from the first, largest patch reach their maximum
same as those in the two patch model, the popula- faster. It appears as if a wave of epidemics sweeps
tions of the subsequent patches a¥g/Ny4+1 = 2, towards the first, largest patch. This is illustrated in
ui/mk+1 = 1 corresponding to the scaling parameter Fig. 6, wherefy/Br+1 = 0.9, which corresponds to a

e =0, 1 =10yr, andr = 0.1 yr. Whent « T} and scaling parameter ¢f= 0.152.

an epidemic is induced by a rapid onset of migration,  Traveling waves have been observed, for example,
the patch with the largest population drives epidemics in the spread of dengue haemorrhagic fever in Thai-
in the other patches. Each patch has its own natural pe-land [21]. Such spatial traveling waves of epidemics
riod given by Eq(35) and so responds at its own time can be generated by spatial transmission through dif-
scale and therefore reaches its local maximum of the fusion or stochastic fade-out and reintroduction of dis-
fraction infected at that tie scale. When the natural ease in adjacent patchi@s21]. However, the apparent
period of the patches is tuned to increase along the line wave of epidemics that travels along the line of se-
of patches away from the first largest patch, then the rially connected patches presented here is a different
patches further from the first, largest patch reach their phenomena. These patches form a serial line of (non-
maximum more slowly. It appears as if a wave of epi- linear) oscillators, each with their own time scale given
demics sweeps away from the first, largest patch. This by Eq.(35). They each reach their maximum response
is illustrated inFig. 5 where 8;/Br+1 = 1.1, which at their individual time scale in response to the sud-
corresponds to a scaling parametersot —0.137. den drive exerted simultaneously in all the patches by
On the other hand, when the natural period of the the rapid onset of the migration. The apparent wave
patches is tuned to decrease along the line of patcheshere arises from the different time delays for each indi-
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Fig. 6. Flux based model with 20 patch@s= 1,2, 3, ..., 20) serially connected in a line. The ratio gf/Bx+1 = 0.9, so that the natural
period decreases away from the first, largest patck 1) along the line until the last patoft = 20). The peaks (boxes) of the fraction of
infected people in the migration induced epidenppear to travel as a wave towards the first patch.

vidual patch to reach its maximal response. This con- mined the steady state solutions for multiple patches
trasts with a true traveling wave advancing by spatial with power law scalings of the infectious parameters
transmission through consecutive patches. We do notand compared those results to that of a well-mixed
argue that the phenomena found here is the cause ofpopulation. We showed, perhaps surprisingly, that the
the observed traveling waves in the experimental data. steady state total number of infected people is the same
However, these simulations do demonstrate that suchwhether or not susceptible and infected people move
a phenomena is possible when there is a variation of between the patches. Then we studied the dynami-
infectious parameter8 andu across a region, which  cal response when the flux of infecteds between the
may reasonably arise from the variation in population patches is turned on at different rates. This flux-based
densities, social factors, or geographic factors acrosspatch approach is useful in modeling the transient re-
a region. Therefore, our results do suggest that such asponse when a new population is moved into a region
mechanism should at least be considered when an ap-with endemic disease. Epidemics result when the time
parent traveling wave of epidemics is observed across scale of the onset of this migration is rapid compared
regions with spatial gradients of infectious parameters. to the natural time scale of the patches. These migra-
In summary, classical models of the spread of in- tion induced epidemics catake on the appearance

fectious diseases have assumed that the infected andf traveling waves across serially connected patches.
susceptible people are either well mixed or that sep- For example, for the parameters used in the model il-
arate patches of people interact through a mass ac-lustrated inFig. 5, the wave travels from the largest
tion term. Here, we have derived the equations that patch to the furthest patch in approximately 6 months,
model the spread of infection driven by the actual of the same order as that reported for the traveling
migration of people between the patches. We deter- wave in the spread of dengue haemorrhagic fever in
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Thailand[21]. Therefore, if there is a spatial gradi-

ent of infectious parameters across that region, such
a mechanism should be considered as one possible ex-
planation for this wave. The results from these models
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[5] E.E. Holmes, in: D. Tilman, P. Kareiva (Eds.), Spatial Ecol-
ogy: The Role of Space in Population Dynamics and Interspe-
cific Interactions, Princetolniv. Press, Princeton, NJ, 1997,
pp. 111-136.

[6] 1.B. Schwartz, J. Math. Biol. 30 (1992) 473.

demonstrate the importance of determining the spatial (7] r. kopelman, Science 241 (1988) 1620.

distribution of the infectious parameters from exper-
imental data because of the role they play in the dy-
namics of the spread of disease.
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