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We consider coupled map lattices of the typexisn 1 1d ­ s1 2 edfsssxisndddd 1 sey2d f fsssxi21sndddd 1

fsssxi11snddddg, where for concreteness we takefsxd ­ 1 2 smy4d j1 2 2xjp, with p . 1. We show that
neare ­ 0 (no coupling) andm ­ 4 the envelope of the largest Lyapunov exponent of the full system
obeys the scaling lawL ­ L0 2 fae 1 bs4 2 mdg1yp . We further argue that this law is universal in
that it is independent of the details offsxd insofar asfsxd has a single critical pointxc in the interval
f0, 1g and its lowest order power expansion aboutxc has the formjx 2 xcj

p . The dependence ofL on
the size of the lattice as well as on the range of the coupling is also discussed.

PACS numbers: 05.45.+b, 05.50.+q
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Coupled map lattices (CMLs) [1], as discrete analogs
coupled oscillators and partial differential equations, ha
in recent years become the model of choice for develop
intuitions and concepts in the study of spatiotempo
chaotic systems. Among the variety of quantities appli
to characterize the dynamics of a CML, the spectrum
Lyapunov exponents stands out for its ease of numeri
evaluation, and for the wealth of information that derive
from it. For example, from Pesin’s formula [2], the
sum of all positive Lyapunov exponents provides a
estimate of the Kolmogorov-Sinai entropy. Meanwhil
one obtains the information dimension of the chao
attractor by employing the Kaplan-Yorke conjecture [3
Moreover, the largest Lyapunov exponent (LLE), denot
henceforth byL, quantifies the sensitive dependence o
initial conditions, a hallmark of chaos [4], by yielding
the rate of exponential divergence of two typical near
trajectories.

In this Letter we focus on the scaling behavior ofL

near certain limiting situations. Consider a diffusivel
coupled map lattice of the form

xisn 1 1d ­ s1 2 edfsssxisndddd 1 sey2d

3 f fsssxi21sndddd 1 fsssxi11snddddg, (1)

where n denotes the discrete time,i labels the lattice
site, fsxd prescribes the local dynamics, ande gives the
coupling strength. For ease of presentation we assu
fsxd ­ 1 2 smy4d j1 2 2xjp with p . 1. That is, the
local map has one critical point (xc ­ 1y2) in [0,1] and
the maximum atxc is of the pth order. Forp ­ 2 we
get the logistic map. Whenm ­ 4 the functionfsxd is
surjective, mapping the interval [0,1] onto itself. Ou
main result in this Letter is that, for Eq. (1), neare ­ 0
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andm ­ 4, the envelope [5] ofL, denotedL, scales with
e and4 2 m as

L ­ L0 2 fae 1 bs4 2 mdg1yp , (2)

where L0 is the Lyapunov exponent offsxd at m ­ 4.
We emphasize that, although Eq. (2) is formulated i
terms of a specific class offsxd, the scaling law appears
to be universal in the sense that its form is independent
the details offsxd provided thatfsxd is unimodal with one
critical point xc in [0,1] and the maximum atxc is of the
pth order. It is interesting to note that both in the presen
problem and in the problem of period doubling cascad
studied by Feigenbaum [6], the universality classes a
delineated by the same exponentp. In what follows we
establish Eq. (2) by combining numerical and analytica
techniques. Other related works are listed in [7–11].

Numerical results.—First, consider the case ofe ­ 0.
In the absence of coupling all the Lyapunov exponent
have the same valueL ­ limN!`s1yNd

PN
n­1 ln jf 0sxndj

where xn11 ­ fsxnd. Near m ­ 4 and for p ­ 2, it is
found in [7] that L scales with4 2 m as L ­ L0 2

as4 2 md1y2. Based on numerical evidence we now
extend this result to generalp values, namely,

L ­ L0 2 as4 2 md1yp . (3)

In Figs. 1(a) and 1(b) we verify this relation by plotting
L as a function ofs4 2 md1yp for p ­ 2 and p ­ 1.5.
It can be seen that both data sets show linear tren
conforming with Eq. (3). The slopes of the straight
line fits give a1 ­ 0.50 in Fig. 1(a) anda2 ­ 0.41 in
Fig 1(b). Similar calculations for other values ofp and
for different maps within the samep class are carried out
and they all show excellent agreement with Eq. (3).
© 1996 The American Physical Society
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Next, we examine the case ofm ­ 4. Let L be the
lattice size and take the boundary condition to be period
Unless specified otherwise we useL ­ 100 throughout
for computation. Numerical simulations in [9] sugge
that fore small,

L ­ L0 2 be1yp . (4)

In Figs. 2(a) and 2(b) we present the plots ofL vs e1yp

for p ­ 2 andp ­ 1.5. Excellent agreement between th
data and Eq. (4) is evident. The slopes of the straight
yield b1 ­ 0.65 in Fig. 2(a) andb2 ­ 0.63 in Fig. 2(b).

Rewrite Eqs. (3) and (4) assL0 2 Ldp ­ aps4 2 md
and sL0 2 Ldp ­ bpe, respectively. These two equa
tions hint at the supposition thatsL0 2 Ldp is an analytic
function in both variablese and 4 2 m. Assuming this
is so and expanding the function to the lowest order
e and 4 2 m, we havesL0 2 Ldp ­ ae 1 bs4 2 md,
or, equivalently,L ­ L0 2 fae 1 bs4 2 mdg1yp, which
is Eq. (2). Clearly,a and b relate to a and b as
a ­ ap and b ­ bp . We perform numerical experi
ments to test Eq. (2) for the case of bothe fi 0 and
4 2 m fi 0. Specifically, let us take a straight line i
the plane spanned bye and 4 2 m, say, for simplicity,
e ­ 4 2 m. Then we calculateL along this line. Equa-
tion (2) predicts that the plot ofL vs e1yp is a straight line
with the slope of2sa 1 bd1yp ­ 2sap 1 bpd1yp where
a and b are from thee ­ 0 case and the4 2 m ­ 0
case, respectively. The result forp ­ 2 is presented
in Fig. 3(a). The straight line fit has a slope of20.78
which agrees reasonably well with the predicted slope
2sap

1 1 b
p
1 d1yp ­ 20.82. In Fig. 3(b) we show the re-

FIG. 1. Plots of (a)L vs s4 2 md1y2 for p ­ 2 and (b)L vs
s4 2 md1y1.5 for p ­ 1.5. Heree ­ 0.
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sult for p ­ 1.5. The value of the slope of the linea
tendency in the data points is20.83 which is again close
to the prediction2sap

2 1 b
p
2 d1yp ­ 20.81. These two

examples, together with numerous other numerical expe
ments not included here, establish the validity of the sc
ing law in Eq. (2).

From the foregoing discussion we see that Eqs. (3) a
(4) are the foundation for the conjecture in Eq. (2). Whi
the inspiration for Eq. (3) comes from [7], we are able t
obtain a heuristic derivation for Eq. (4), which we prese
below. Some basic steps of this derivation are outlin
in [10]. See also [11] for a random matrix approach to
class of CMLs in which the local map has strictly positiv
derivatives.

Theoretical results.—To evaluate L we examine
the variations along a typical given chaotic orbit [12
hxsndj`

n­1, in the L-dimensional phase space. From
Eq. (1) we have

dxisn 1 1d ­ s1 2 edf 0sssxisndddddxisnd 1 sey2d

3 ff 0sssxi21sndddddxi21snd

1 f 0sssxi11sndddddxi11sndg . (5)

Let Asnd denote theL 3 L Jacobian matrix at the orbit
point xsnd. From Eq. (5), its elements areai,isnd ­
s1 2 edf 0sssxisndddd, ai,i21snd ­ sey2df 0sssxi21sndddd, and
ai,i11snd ­ sey2df 0sssxi11sndddd for 2 # i # L 2 1. The
elements a1,1snd, a1,2snd, aL,L21snd, and aL,Lsnd are
formed in the same way, and the periodic boun
ary condition adds a1,Lsnd ­ sey2df 0sssxLsndddd and

FIG. 2. Plots of (a)L vs e1y2 for p ­ 2 and (b)L vs e1y1.5

for p ­ 1.5. Herem ­ 4.
1809



VOLUME 76, NUMBER 11 P H Y S I C A L R E V I E W L E T T E R S 11 MARCH 1996

e

h
r

-

tice
nt
en

a

n-
t

e
e

in
ity

n
e

e
r,

he

ve
r
(1)
FIG. 3. Plots of (a)L vs e1y2 for p ­ 2 and (b)L vs e1y1.5

for p ­ 1.5. Heree ­ 4 2 m.

aL,1snd ­ sey2df0sssx1sndddd. In other words we treati ­ 0
as equivalent toi ­ L. All the other matrix elements are
zero.

Let TsNd ­ AsNdAsN 2 1d · · · As1d. Then, the LLE of
the CML can be expressed as

L ­ lim
N!`

s1yNd ln jtrTsNdj , (6)

where tr denotes trace. Theith diagonal element ofTsNd

is

t
sNd
i,i ­

X
jN ,...,j2

ai,jN sNdajN ,jN21 sN 2 1d · · · aj2,is1d . (7)

For largeL most of ak,lsnd are zero except those with
jk 2 lj # 1. Keep in mind that if we sayk ­ 1 then
l ­ 0 is used in the place ofl ­ L.

Now let us imagine a two-dimensional space-tim
lattice in which a point si, nd, where 1 # i # L
and 1 # n , `, is used to index the state of th
ith space site at timen. Because of the periodic
boundary condition this space-time lattice lies on t
surface of a semi-infinite cylinder. Furthermore, eve
nonzero product in the sum Eq. (7) corresponds to
“path” from si, 1d to si, Nd in the lattice, denotedr,
where the intermediate stepssj2, 2d, sj3, 3d, . . . , and
sjN21, N 2 1d satisfy jj2 2 ij # 1, jj3 2 j2j # 1, . . . ,
and ji 2 jN j # 1. In this product, each term, be
sides the variablef 0sxd, contributes a factorey2 if
jjk 2 jk21j ­ 1, a factor1 2 e otherwise. Thus, along
a given pathr, the total number ofey2 is msrd ­ jj2 2

ij 1 jj3 2 j2j 1 · · · 1 ji 2 jN j. Equation (7) becomes
t

sNd
i,i ­

P
rs1 2 edN2msrdsey2dmsrd Q

n,j[r f 0sssxjsndddd. To
1810
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further facilitate the evaluation oft
sNd
i,i , the dynamics are

assumed to be independent temporally at the same lat
site [13], and are also independent spatially at differe
lattice sites. This is a reasonable approximation giv
that the coupling is weak (e ! 0) and the parameterm is
near maximum chaos (m ! 4). For largeN, based on the
independence assumption, we replacej

Q
n,j[r f 0sssxjsnddddj

computed along each possible pathr by the same
j
Q

n f 0sssxisnddddj evluated at theith lattice site. Since
f 0sxd can be either positive or negative, by introducing
random variableqr ­ 61, we write approximately

t
sNd
i,i ­

Ç Y
n

f 0sssxisndddd
Ç X

r
qr s1 2 edN2msrdsey2dmsrd. (8)

Viewing the sum in the above equation as a ra
dom walk with nonuniform steps we argue tha
limN!`s1yNd lnf

P
r qr s1 2 edN2msrdsey2dmsrdg is a

quantity of Osed order. Thus, the task of estimating th
LLE for the CML, Eq. (6), is reduced to that for a singl
map, i.e.,

L ­ lim
N!`

s1yNd ln

Ç Y
n

f 0sssxsnddddj 1 Osed

­
Z 1

0
lnj f 0sxdjresxd dx 1 Osed , (9)

where we have dropped the reference toi since all the
lattice points are equivalent. To evaluate the integral
Eq. (9) we need the characteristic of the invariant dens
resxd which we discuss below.

It suffices to considerL ­ 3 since the invariant density
at a given lattice site is determined mainly by its ow
dynamics and that of its two nearest neighbors. W
begin with the case ofp ­ 2. The local map isxn11 ­
4xns1 2 xnd. Whene ­ 0 the invariant density is known
to be r0sxd ­ 1yp

p
xs1 2 xd, which is singular atx ­

0 and x ­ 1. We argue that these singularities ar
removed in the presence of coupling. In particula
res0d ­ res1d ­ 0 for e fi 0. To see this, refer to
Eq. (1). Consider the map at the first lattice site and t
interval 1 2 h , x1 , 1 where h ø e. The invariant
measure contained in the interval is

R1
12h resx1d dx1.

To have x1sn 1 1d [ s1 2 h, 1d, the values ofxisnd,
i ­ 1, 2, 3, need to lie roughly in intervals of width
,p

h centered around 1y2. The probability to achieve
that is,h3y2. Thus,

R1
12h resx1d dx1 ­ resjdh , h3y2,

where1 2 h , j , 1. Letting h ! 0 yields res1d ­
0. Similar arguments lead tores0d ­ 0. In a future
longer paper a more complete picture of the qualitati
behavior of resxd will be established. Its three majo
features can be summarized as follows (see Fig. 4).
When e , x , 1 2 e, resxd ­ 1yC

p
xs1 2 xd, where

C is determined by normalization. (2) Atx , e or x ,
1 2 e, re reaches its local maximal values,re , 1y

p
e.

(3) As x increases from1 2 e to 1 or decreases frome to
0, re ! 0. Note thatresxd is no longer symmetric with
respect toxc ­ 1y2 as is the case whene ­ 0.
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FIG. 4. Schematic of the qualitative behavior of the invaria
densityresxd.

Equipped with this understanding ofresxd we proceed
with the calculation ofL in Eq. (9). Namely,L ­R1

0 ln j4 2 8xjresxd dx 1 Osed ­
R1

0 ln j4 2 8xj hspy
Cdr0sxd 2 fspyCdr0sxd 2 resxdgj dx 1 Osed ø spyCd 3

L0 2 ln4
R1

0fspyCdr0sxd 2 resxdg dx 1 Osed ­ spy
CdL0 2 spyC 2 1d ln4 1 Osed ­ L0 1 spyC 2 1d 3

sL0 2 ln4d 1 Osed, where we have utilized the fact
that spyCdr0sxd and resxd essentially coincide in the
rangee , x , 1 2 e and thatr0sxd andresxd are both
normalized. The order of magnitude ofpyC 2 1 is esti-
mated to bepyC 2 1 ­

R1
0fspyCdr0sxd 2 resxdg dx ,Re

0 dxyx1y2 , e1y2. Hence,

L 2 L0 , e1y2, (10)

where quantities ofOsed order or higher are neglected.
For general values ofp we use fpsxd ­ 1 2 j1 2

2xjp with p . 1 as the representative local map. Wh
e ­ 0, the invariant densityr0sxd again has singularities
at x ­ 0 and x ­ 1. In particular,r0sxd , xs1yp21d for
x ! 0 and r0sxd , s1 2 xds1yp21d for x ! 1. When
e fi 0 is small, the same schematic in Fig. 4 describ
the behavior ofresxd, except that now atx , e and
x , 1 2 e, re , es1yp21d. Following similar steps as in
thep ­ 2 case we get

L 2 L0 ,
Z e

0
xs1yp21d dx 1 Osed , e1yp . (11)

We make two remarks. First, the preceding heuris
arguments rely on the qualitative behavior ofresxd,
some order-of-magnitude estimates associated with
and rather drastic assumptions about the behavior
the Jacobian matrix. Such results are not affected
the detailed properties offsxd such as the location o
the critical point. This leads us to conjecture that t
scaling law Eq. (4) is universal for unimodal maps wi
a single pth order maximum. Numerical simulation
provide further support for this claim and enable us
extend it to include Eq. (2).

Second, in Eq. (1), nearest-neighbor coupling is
sumed for the CML. Our approach above, particula
the concept of the space-time lattice, still applies if t
coupling extends beyond the nearest neighbors. In
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case, although more paths need to be included in the s
in Eq. (7), we again end up calculatingL from Eq. (9).
The character ofresxd is now much more difficult to
assess. But there is reason to believe that similar qu
tative behavior in Fig. 4 is still applicable here. Nu
merical evidence indeed indicates that Eq. (2) holds
couplings of wider range. Another important parame
in a coupled system is its size. For the present wo
the question is howL asymptotes its thermodynamic
limit value asL ! `. Our preliminary result shows tha
LsLd 2 Ls`d , 1yL for large L. This result, together
with Eq. (2), provides a complete scaling description
the behavior of the largest Lyapunov exponentL in
coupled map lattices near the pointse, m, Ld ­ s0, 4, `d.
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