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Controlling chaos and synchronization of chaos have evolved for a number of years as essentially
two separate areas of research. Only recently it has been realized that both subjects share a common
root in control theory. In addition, as limitations of low dimensional chaotic systems in modeling
real world phenomena become increasingly apparent, investigations into the control and
synchronization of high dimensional chaotic systems are beginning to attract more interest. We
review some recent advances in control and synchronization of chaos in high dimensional systems.
Efforts will be made to stress the common origins of the two subjects. ©1997 American Institute
of Physics.@S1054-1500~97!00304-2#
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Chaotic phenomena arise ubiquitously in natural systems
and in man-made devices. Past work has focused mainl
on the discovery and characterization of chaotic behavior
occurring in situations where there is no goal-oriented
intervention, i.e., control. Recently, ideas and techniques
have been proposed to utilize the rich properties of chaos
to achieve certain objectives. One idea is to convert cha
otic orbits to desired periodic ones by using temporally
programmed small controls. It is suggested that by doing
so one improves the system’s performance against som
general classes of criteria. Another idea explores the syn
chronization of chaotic systems. The intended application
here is secure communication. In this work we consider
these ideas in a unified framework.

I. INTRODUCTION

The year 1990 saw the publication of two seminal p
pers,Controlling Chaosby Ott, Grebogi and Yorke~OGY!,1

a!Electronic mail: ding@walt.ccs.fau.edu
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and Synchronization in Chaotic Systemsby Pecora and
Carroll.2 Promising wide applications outside the tradition
scope of chaos and nonlinear dynamics research, these
papers immediately received a great deal of attention,
have led to the establishment of two active areas
research.3

Although it was known from the start that the techniqu
of chaos control have their origins in control theory, sy
chronization of chaos has evolved somewhat in its own rig
Recent progress4 casts the problem of chaos synchronizati
in the framework of nonlinear control theory. This unifies t
study of chaos control and chaos synchronization under
same rubric as the title of this special focus issue sugge

Since 1990 many hundreds of papers have been wri
on the control and synchronization of chaos. It is fair to s
however, that the majority of these publications deal w
low dimensional chaotic systems, representative example
which include the Ro¨ssler system or the Lorenz system. Sp
cifically, in the case of chaos control, the stabilized perio
orbit is often characterized by one unstable and one st
direction, while for chaos synchronization, the synchroniz
644© 1997 American Institute of Physics
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645Ding et al.: Control and synchronization in systems
attractor admits only one positive Lyapunov exponent. T
situation is not very satisfying since it is known that lo
dimensional systems have rather limited usefulness in m
eling real world applications. Thus we must be able to ca
out chaos control and achieve synchronization of cha
systems in high dimensions. The goal of this paper is
review some recent results in this endeavor.

The remainder of this paper is divided into two par
Part I on high dimensional chaos control and Part II on h
dimensional chaos synchronization. We will make attemp
present both topics in a unified framework.

II. PART I. CONTROLLING CHAOS IN HIGH
DIMENSIONS

A. Introduction to Part I

The OGY control method1 is designed for stabilizing a
periodic orbit that has effectively one stable and one unsta
direction. It requires no knowledge of the underlying equ
tions of motion and assumes only the availability of a m
sured time series from the system and a control param
that can be manipulated. The phase space needed for co
is reconstructed from data by the use of delay embedd
techniques. A salient feature of the OGY type of cont
approach is that, since the periodic orbit to be stabilized
part of the system’s natural dynamics, control is oft
achieved by applying only small temporally programm
perturbations to the accessible control parameter.

Soon after the OGY technique appeared in the literatu
Ditto, Rauseo, and Spano5 managed to control the chaot
dynamics experimentally in a periodically driven magne
elastic ribbon system. This work firmly established the
ability of chaos control in practical applications and, togeth
with the OGY paper, inspired a large body of subsequ
theoretical and experimental studies. For a sample see R
6–12.

From the theoretical side Dressler and Nitsche made
important observation in 1992.8 Let us assume that for th
given system the dynamics is described by a map~e.g., on
the Poincare´ surface of section!. To achieve and effectively
maintain control one perturbs a system parameter at e
iteration of the map. This implies that the map actua
changes from one iteration to the next. Dressler and Nits
proposed to address this problem by modifying the OG
control to include the dynamics of the control paramet
With the new method they are able to achieve control
systems where the ordinary OGY fails.

The modified OGY method by Dressler and Nitsche
still two dimensional. High dimensional methods incorpor
ing the dynamics of the control parameter appeared in R
9–11. Specifically, the paper by So and Ott,9 in which they
introduce the notion of a system-plus-parameter dynam
system, is a generalization of Romeiraset al.12 high dimen-
sional control technique. Petrovet al.10 base their method on
the control engineering idea of a single-input-single-out
design. Dinget al. technique11 is based on that of So and Ot
Assuming Poincare´ map generated time series, they are a
to derive explicit control laws that are more amenable
Chaos, Vol. 7,
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experimental implementation, as indeed demonstrated
their successful control of a high dimensional experimen
system. To illustrate the main ideas involved in this type
control approach we present below an abbreviated deriva
of the control technique of Dinget al. and some accompa
nying numerical results.

B. The control method

Assume that the dynamical system of interest is
scribed by the followingk-dimensional map on some Poin
carésurface of section,

Xn115F~Xn ,p!, ~1!

where X P Rk and p is the control parameter to be pe
turbed. Suppose that forp5p* Eq. ~1! has a chaotic attrac
tor. Without explicitly knowingF we base our analysis an
control on a discretely measured time series$xn% of some
scalar observablexn5h(Xn). Using delay coordinates13

one reconstructs the high dimensional dynamics from$xn%
via, zn5(zn

(1) ,zn
(2) ,•••,zn

(m))T5(xn2m11 ,xn2m12 ,•••,xn)T,
wherem is the dimension of the reconstructed phase sp
andT denotes matrix transpose. For large enoughm, zn is a
global one-to-one representation of the variableXn on the
original attractor. Since the control is done by changing
value of p according to a control law for every iteration o
the map, the reconstructed discrete map forzn has the form,

zn115G~zn ,pn2m11 ,pn2m12 , . . . ,pn!. ~2!

Here G generally depends on all the parameter variatio
effective during the time intervaln2m11<t<n spanned
by the delay vectorzn .8–10

In the reconstructed phase space a fixed point for
nominal system ~i.e., when p5p* ) is denoted by
z* 5G(z* (p* ),p* ,p* ,•••,p* ). The Jacobian matrix for Eq
~2! is the followingm3m matrix9

An5Dzn
G~zn ,pn2m11 ,pn2m12 ,•••,pn!.

The set ofm-dimensional column vectors,

Bn
~ i !5Dpn2 i 11

G~zn ,pn2m11 ,pn2m12 ,•••,pn!,

for i 51,2, . . . ,m, characterize the effect of the contro
parameter variations on the dynamics. Evaluating all
partial derivatives atzn5z* (p* ) and pn2m115pn2m12

5•••5 pn5p* , one obtains the linearized dynamics arou
the fixed point,9

dzn115Adzn1B~m!dpn2m111B~m21!dpn2m12

1•••1B~1!dpn , ~3!

wheredzi5zi2z* , dpi5pi2p* and the reference ton for
A and B has been dropped since they are constant at
fixed point. Note that, due to the nature of the time series
delay coordinates used here, most of the entries in the ab
matrix and vectors are zero. Specifically, one has11
No. 4, 1997
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A5S 0 1 0 ••• 0

0 0 1 ••• 0

A A A A A

0 0 0 ••• 1

am am21 am22 ••• a1

D
m3m

, B~ i !5S 0

0

A

0

bi

D
m31

, ~4!

wherei 51,2,•••,m.
It has been pointed out in the past8 that it is undesirable to derive control laws based directly on Eq.~3!. Following So

and Ott,9 Ding et al.11 introduce a 2m21 dimensional expanded phase space,Yn5(xn2m11 ,xn2m12 ,..,xn ,
pn2m11 ,pn2m12 ,..,pn21)T, to accommodate both dynamical measurementsxi and parameter changespi . In this expanded
phase space, near the unstable fixed pointY* 5(x* ,•••,x* ,p* ,•••,p* )T, the linearized dynamics becomes,

Yn112Y* 5Ã~Yn2Y* !1B̃~pn2p* ! ~5!

with

Ã5S A B~m! B~m21! B~m22!
••• B~2!

0 0 1 0 ••• 0

0 0 0 1 ••• 0

A A A A A A

0 0 0 0 ••• 1

0 0 0 0 ••• 0

D
~2m21!3~2m21!

, B̃5S B~1!

0

A

0

1

D
~2m21!31

, ~6!
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where0 indicates anm-dimensional row vector of 0’s.
To control one applies a suitable perturbati

dpn5pn2p* , following each measurementxn , to keep the

dynamics within the stable subspace ofÃ. For a fixed point
with u unstable directions, the control law governing t
choice ofdpn is derived to be11

dpn52S (
k51

u
~lk!

u

~vk
TB̃! )

i 51,iÞk

u

~lk2l i !

vk
TD dYn , ~7!

wherelk are the unstable eigenvalues ofÃ, ordered in de-
scending absolute value, and the contravariant unst

eigenvectorsvk are defined byÃTvk5lkvk . It can be
shown11 that the elements ofvk5(vk

(1) ,vk
(2) ,•••,vk

(2m21))
are vk

( i )5( j 51
i am2 j 11(lk)

j 2 i 21 for i ,m, vk
m51, and

vk
( i )5( j 51

i 2mbm2 j 11(lk)
j 1m2 i 21 for i .m.

A more general method of stabilizing a period-N orbit
along the same line is given in Ref. 11. In the case where
target fixed point has large eigenvalues one needs to m
multiple ~e.g.,N) measurements and controls in between t
proper Poincare´ surface of sections to minimize the impa
of the large eigenvalues~see the paper by Christiniet al. in
Ref. 12!. A fixed point would appear to be a period-N orbit
in this case. The period-N control method can be applied t
stabilize a fixed point by perturbing the control parame
every time one makes an observation of the system stat
Chaos, Vol. 7,
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C. Time series formation and numerical results

Time Series Formation.In experimental problems, on
expects to encounter two classes of continuous-time syste
autonomous and periodically driven. The question of how
form discrete time series in both cases so that the con
laws developed in Section II B for discrete maps are direc
applicable is addressed below.

First, consider an autonomous system defined as

dZ/dt5G~Z,p!,

whereZ P Rk11. Let x5h(Z) denote a scalar observab
function. Consider the plot ofx versust. Ding et al.11 intro-
duce the method to form the discrete time series by mea
ing the intervalsI n between the (n21)th andnth upward~or
downward! crossings of some predetermined thresholdx5xc

~see Fig. 1!. It can be argued that these variablesI n , which
are called interspike intervals, sample the dynamics of so
Poincare´ map in the originalZ phase space.14 Specifically, at
each crossing in thex versus t plot, the condition
x5h(Z)5xc is met. This condition defines ak-dimensional
Poincare´ surface of section in the originalZ space. Thus,I n

is also the time between the (n21)th and thenth crossings
of the section. Suppose one parametrizes this section
k-dimensional vectorQ. Then, the successive crossings
the plane from a given direction by a chaotic trajectory g
rise to a Poincare´ map,

Qn115P~Qn ,p!. ~8!

The intervalI n is uniquely determined byQn21, namely,
No. 4, 1997
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647Ding et al.: Control and synchronization in systems
I n5F~Qn21!. ~9!

One can viewI n as a scalar measurement variable of the h
dimensional dynamics ofQn21.

Traditionally, one measures the continuous time seriex
versust using equally spaced sampling intervals. In the
constructed phase space one obtains the Poincare´ map by
examining the crossings of some plane by the reconstru
trajectory. Due to the discreteness of the trajectory one
counters inevitable errors in the resulting Poincare´ map
through interpolation.14 In contrast, Dinget al.11 way of
forming the discrete time series using interspike interv
avoids this problem by monitoring the analog signal and t
detects the threshold crossing precisely. Furthermore, the
constructed interspike intervals already obey a Poincare´ map.
The effect of parametric perturbations on the interspike
tervals is illustrated in Fig. 1.

Next, consider a periodically forced system

dZ/dt5G~Z,t,p!,

whereZ P Rk and G(Z,t1T,p)5G(Z,t,p). Let x5h(Z)
be the scalar observable function. Since, by introducingt as
an additional variable one can convert a nonautonomous
tem to an autonomous one, the interspike intervals forma
method also applies here. Another more traditional met
of forming a discrete time series$xn% is by measuringx at
times tn5nT1T0 ~stroboscopic sampling!. From the theo-
rems of Ref. 13, the dynamics reconstructed from$xn% in a
suitable delay coordinates space represents the dynami
the Poincare´ map,Zn115P(Zn), in the original phase spac
which, in turn, is equivalent to the continuous-time dynam
described by the differential equations.

Example of Control.Consider the following four dimen
sional autonomous chemical reaction model15

ẋ5pw/~11w10!20.1x,

ẏ50.1x20.2yz,
~10!

ż50.2z~y2w!,

ẇ50.2zw20.1w.

FIG. 1. Schematic illustrating the formation of interspike intervals from
continuous time series and the effect of control on the intervals.
Chaos, Vol. 7,
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For p5p* 52.5 this system exhibits a chaotic attractor
dimensionD52.2. Assume that the observed scalar varia
is x itself. By measuring the times between successive
ward crossings of some thresholdxc by thex versust func-
tion one forms the interspike interval time series$I n%. Re-
constructing this discrete time series in anm5 three
dimensional delay coordinate space one obtains an attra
of dimension 1.2. In this attractor there is a fixed po
(N51) at zn5(48.40,48.40,48.40)T.11

Consider the control of the fixed point. Setxc51. From
the numerically generated time series one obta
a(1)521.33, a(2)50.41, a(3)520.008 andb(1)521.25,
b(2)523.20, b(3)51.95. The unstable eigenvalue is calc
lated to bel1521.59. The result of applying Eq.~7! is
shown in Fig. 211 where the system behavior before and af
the control is turned on is displayed. Figure 2~a! is the inter-

FIG. 2. Results of controlling the unstable period-1 orbit in the chemi
reaction model Eq.~10! using anm53 implementation of the control.~a!
The interspike intervals and~b! the corresponding continuous time series
No. 4, 1997
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648 Ding et al.: Control and synchronization in systems
spike intervals and Fig. 2~b! gives the corresponding con
tinuous time series.

D. Adaptive control of chaos in high dimensions

The above control approach makes the tacit assump
that the environment of the system remains static. This
seldomly true in practice. It is often the case that chang
ambient physical conditions, entering the system as par
eters, cause change in the dynamics in an irregular and
predictable fashion. If small perturbation control is to
maintained one must be able to continually update both
periodic orbit position and the other control parameters. T
adaptive control or tracking approach is pioneered
Schwartz and Triandaf16 in the context of controlling chaos
Other works can be found in Ref. 17. Below we review
cent results reported in Ref. 18 where the control and tra
ing of period orbits in high dimensions is the main focus. W
remark that various scenarios have been considered in w
a momentary loss of control due to environmental variatio
and the lack of adaptive control leads to catastrophic sys
failures ~see Dinget al. paper in Ref. 7!. In addition, by
applying adaptive control one can extend the stable opera
range of a given system.

Adaptive Control Strategy.In terms of the measure
variablex and the parameterp, Eq. ~3! can be written as

xn112x* 5 (
a51

m

aa~xn2a112x* !1 (
b50

m

bbdpn2b11 .

~11!

The quantitiesaa , bb , andx* in the above difference equa
tion fully determine the control law in Eq.~7!. In fact, a
major step to achieve initial control is to find ways to fit th
unperturbed and perturbed dynamics near the fixed poin
obtain the values of these parameters. This is usually d
with the least squares technique. See Ref. 11. Here we
pose that this step has been completed. Assume now tha
system parameters have changed slightly such that the
point position and the shape of the linear region are mo
fied, but not so much that the control is lost, nor that
dynamics during control are outside the linear region of
new fixed point. In this case, Eq.~11! still applies, and we
can use a short history ofN points incorporating the mos
recent measurements of the system state and perturbatio
refit the control parameters. This refitting can be repeate
often as once per measurement cycle and requires noa priori
knowledge or assumptions about how the environment
changed.

Below we explain Gluckmanet al.18 strategy on how to
update the fix point positionx* and the parametersa’s and
b’s in two separate steps, each fitting step incorporatin
different idea. In practice these steps can be combined
one step.

~1! Assume thata’s and b’s remain constant for the
duration ofN iterates. From the expression in Eq.~11!, we
obtain
Chaos, Vol. 7,
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^xn112x* &N5 (
a51

m

aa^xn2a112x* &N

1 (
b51

m

bb^dpn2b11&N , ~12!

where ^&N denotes average over the history ofN measure-
ments. Upon rearranging terms one has

^x* &N5^xn&N1
(bbb

12(aaa
^dpn&N5^xn&N1g^dpn&N ,

~13!

where

g5
(bbb

12(aaa
. ~14!

At the end of this fitting cycle,̂ x* &N is taken as the new
fixed point position. Although this method of calculatingx*
may seem simplistic, it by construction guards against a n
zero average indp. Therefore its use maintains the sma
perturbation quality of the control.

~2! Assuming now thatx* is a constant, forN iterates,
we apply a least squares fit to Eq.~11! to get the values of
a’s andb’s. To do so accurately, one must enforce a sm
amount of motion about the fixed point, because incess
applications of control suppress the motion around the fi
point, making the estimation of thea’s and b’s difficult.
~This technique is called interrogation by Petrovet al.19! It is
worthwhile to note that control can often be maintained fo
while during the environment change without having to u
date thea’s and b’s. However, when the control fails as
result of the actual fixed point being too far removed from
original known location, it is often too late to update thea’s
and b’s. By enforcing a small amount of natural local dy
namics we are able to update thea’s andb’s more precisely
and more frequently. Specifically, this is done as follow
We monitor the absolute value of the perturbationdpn . If it
is smaller than some predetermined thresholddp min we do
not apply the perturbation~i.e., settingdpn50) and let the
system evolve freely for that iterate. This proves effective
Gluckmanet al. numerical and experimental work.18

The estimated values ofx* anda’s andb’s are subject
to statistical fluctuations that can be very significant at tim
As a precaution Gluckmanet al.18 test the veracity of the
newly derived parameters by checking whether the new
ues are close to the previous values. In fittingx* , one defines
a maximal distance between the newly estimated value
the previously used value. If the measured distance exce
this maximal distance one does not update the fixed p
position. In testing both thea’s and theb’s one relies on
quantities derived froma’s and b’s. Since thea’s describe
the unperturbed dynamics near the unstable fixed point,
critical information they contain for control purposes are t
directions of the stable and unstable manifolds of the fix
point. As a test of the fit of thea’s Gluckmanet al.18 place a
maximal angular deviation of, say, 15° between the n
most unstable direction and the previous one. In order to
No. 4, 1997
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649Ding et al.: Control and synchronization in systems
the new values of theb’s one limits the fractional difference
in the quantityg defined in Eq.~14!. Specifically, in the
experimental work reported in Ref. 18, they require

~g calc2g old!
2

ug calc* g oldu
,2.25. ~15!

We comment however that for a given system one sho
tailor the criteria to achieve the best result.

Numerical Example.Gluckmanet al.18 applied the track-
ing technique above to a coupled driven Duffing oscilla
expressed as

ẍ11g ẋ11a~x1
32x1!1b1~x12x2!5p1sin~vt !,

~16!

ẍ21g ẋ21a~x2
32x2!1b2~x22x1!5psin~vt !.

This oscillator, probed at the integer multiples of the exter
driving period, is described by a four dimensional discr
map. The key point here is that the periodic orbit to be s
bilized and followed has two unstable directions.

For g50.632, a54.0, b150.1, b250.05, v52.1235,
p151.011, andp5p* 5p1, Eq. ~16! exhibits a chaotic at-
tractor of dimensionD53.3. The scalar observable here
x5x11x2 and the attractor is sampled every cycle of t
external forcing. The attractor reconstructed using the t
series $xn% in an m- four dimensional delay coordinate
space has a dimensionD52.3.

The reconstructed attractor contains a fixed point
(0.54,0.54,0.54,0.54)T. This fixed point corresponds to th
synchronized period one motion of the coupled oscillat
and has two unstable directions (u52). This orbit was origi-
nally stabilized in Ref. 11 using Eq.~7! with m54. Let the
environment, represented by the value ofa, drift slowly over
time as shown in Fig. 3~a!. With p as the control paramete
Gluckmanet al.18 were able to to maintain control by apply
ing the adaptive control strategy developed earlier. The
sition of the tracked fixed point is shown in Fig. 3~b!. N520
was in Eq.~13! for updating both the fixed point position an
the a’s andb’s. Again, although the theoretical value of th
fixed point position is not known, it is clear from the figu
that its movement is compatible with the movement ofa.
Figure 3~c! show the values of the first two eigenvalues
the tracked fixed point. For the most part both eigenval
have magnitude greater than one.

III. PART II. SYNCHRONIZING CHAOS IN HIGH
DIMENSIONS

A. Introduction to Part II

Chaotic trajectories are locally unstable. This instabili
known as the sensitive dependence on initial conditions
quantified by the system’s Lyapunov exponents. A syst
having one positive Lyapunov exponent is said to be chao
and a system having more than one positive Lyapunov
ponents is said to be hyperchaotic. Clearly, two identi
chaotic systems cannot synchronize in isolation since
slightest difference in their respective initial conditions w
lead to two totally different trajectories.
Chaos, Vol. 7,
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In 1990 Pecora and Carroll2 made an important observa
tion. They found that, when you make a replica of part o
chaotic system and send a system variable from the orig
system~sender! to drive this replica~receiver!, sometimes
the replica subsystem and the original chaotic one can l
in their steps and evolve together chaotically in synchro
They further propose that this chaos synchronization p
nomenon may serve as the basis for new ways to ach
secure communications. This paper has inspired a great
of subsequent work4,20–28 comprising the current field o
chaos synchronization.

A breakthrough came in 1993 when Cuomo a
Oppenheim21 proposed a chaos masking scheme for tra
mitting secret messages. Their basic idea is to add m
louder chaotic noise to a message bearing signal. An ea
dropper only hears the chaos which sounds like noise.
intended recipient of the message, equipped with a prefa
cated receiver based on the principle of chaos synchron
tion, can reproduce the chaos, subtract it out from the co
posite signal and recover the message. This elegant appr
has one drawback. That is, even in ideal cases, the sync
nization is not exact. Thus the recovered message only
proximates the original message. This is overcome by

FIG. 3. ~a! Slow drift of the parametera in the coupled Duffing oscillator
Eq. ~16!. ~b! Measured variablex5x11x2 during control and tracking.~c!
The first two eigenvalues of the tracked fixed point.
No. 4, 1997
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and Chua22 who make essential modifications to the origin
Cuomo and Oppenheim scheme.

Subsequent research reveals another problem with
idea of achieving secure communication via chaos sync
nization. This has to do with the fact that, the models peo
have often investigated in this area are primarily low dime
sional systems with one positive Lyapunov exponent. Sho23

and Perez and Cerdeira24 showed that, when such simp
chaotic processes are used to mask a message, the h
message can often be retrieved easily by an eavesdro
without having to have the receiver. Their unmasking pro
dure involves intercepting the composite signal as a t
series and reconstructing it in a two dimensional space u
delay coordinates. Since the masking chaotic system
simple one can learn a great deal about its properties by
studying this two dimensional delay coordinate plot. On
enough is learned about the chaotic process one subtra
out and recovers the message without any explicit kno
edge about the original masking system.

One way to deal with this security problem is to use hi
dimensional systems with multiple positive Lyapunov exp
nents~hyperchaos! as masking processes.25 This type of pro-
cess increases security by giving rise to much more com
time series which are not vulnerable to the unmasking p
cedure employed by Short23 and by Perez and Cerdeira24 and
other code breaking methods. But questions arise a
whether by transmitting just a single variable, as would
desired in a communication situation, one could achieve s
chronization between hyperchaotic systems. There is in
a generally held belief that one needs to simultaneou
transmit as many variables as the number of posi
Lyapunov exponents to account for the equal number of
stable eigendirections. If this was the case, then the v
purpose of using chaos synchronization as a tool for se
communication would have been defeated, since most c
munication schemes are best done by broadcasting just
signal.

In this part of the paper we begin by reviewing a res
of Penget al.26 which proves the above belief to be inco
rect. They show that, for hyperchaotic systems, chaos s
chronism is attained over a broad range of parameters
using a transmitted signal that is expressed as a linear c
bination of the original phase space variables. Penget al.26

approach is further improved by the work of Grassi a
Mascolo28 who consider a special class of dynamical syste
from the viewpoint of nonlinear observer theory. These
sults enable the utilization of hyperchaotic systems and at
same time preserve the simplicity of the original Peco
Carroll approach.

B. Synchronizing hyperchaos by a scalar signal

Problem Formulation.Let us assume the sender to be
chaotic system in the form

dx~ t !/dt5F~x~ t !!, ~17!

where x P Rm is an m-dimensional vector. In Ref. 26
Peng et al. take the signal to be transmitted as a sca
Chaos, Vol. 7,
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variable in the formu(t)5KTx(t)5K1x1(t)1K2x2(t)1•••
1Kmxm(t), with K a constant column vector. HereT de-
notes matrix transpose. The receiver subsystem is then w
ten as

dy~ t !/dt5F~y~ t !!2B~v~ t !2u~ t !!, ~18!

where v(t)5KTy(t) and B5(B1 ,B2 ,•••,Bm)T is an
m-dimensional constant vector.

Observe that ify(t)5x(t) is plugged into Eq.~18!, the
equation is satisfied, meaning that synchronization of ch
is possible for the combined system, Eqs.~17! and~18!. The
question is whether this solution is attracting so that it can
realized in practice, or in other words, whether Eq.~18! is an
observer of Eq.~17!. To answer this question one evaluat
the largest Lyapunov exponent27 for the system Eq.~18! with
respect to the trajectoryy(t)5x(t). Consider infinitesimal
deviations ofy(t) from x(t), i.e.,

y~ t !5x~ t !1dy~ t !.

From Eq.~18!

ddy/dt5~]F~y!/]yuy5x2BKT!dy. ~19!

The largest subsystem Lyapunov exponents, denotedL, is
then given by solving Eq.~19! using a typical orbitx(t) for
the original system~17! and a typical orientation fordy(0),

L5 lim
t→`

1

t
ln

udy~ t !u
udy~0!u

. ~20!

WhenL,0, for typicaly(0) Þ x(0) in the basin of attrac-
tion of the synchronization attractor,

lim
t→`

uy~ t !2x~ t !u50. ~21!

Namely, synchronism takes place.
Note that it is a common practice to transmit a sign

that is a phase space variable of the original system. I
found that synchronism is often not attained when this is
case. The problem becomes more acute when the orig
chaotic system has two or more positive Lyapunov ex
nents. For such systems, even the use of a nonreplica
ceiver subsystem as proposed in Ding and Ott20 which has
tunable parameters in theB vector, can become inadequat
In this regard, Penget al.26 approach outlined above repre
sents an important step in methodology toward remedy
the situation. In particular,L in Eq. ~20! is now a function of
the 2m parameters contained in bothK andB vectors. This
enlargedK -B space renders greater flexibility not only
designing the characteristics of the transmission but als
choosing the correct parameter combinations to meet
condition for and enhance the performance of synchroni
Specifically, one’s task is now reduced to that of locating
suitable region in theK -B space for whichL is negative.
This is illustrated for the hyperchaotic Ro¨ssler equation.

Numerical Example.The hyperchaotic Ro¨ssler29 system
treated by Penget al.26 is written as

dx1 /dt52x22x3 , ~22!

dx2 /dt5x110.25x21x4 , ~23!
No. 4, 1997
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651Ding et al.: Control and synchronization in systems
dx3 /dt53.01x1x3 , ~24!

dx4 /dt520.5x310.05x4 . ~25!

Numerical evidence indicates that the attractor has two p
tive Lyapunov exponentsl150.11 andl250.02. Choosing
K5(sinu,0,cosu,0)T and B55.0(cosu,0,sinu,0)T somewhat
arbitrarily, Penget al.26 plot the largest receiver subsyste
Lyapunov exponentL as a function ofu in Fig. 4. As can be
seen, there is a range ofu values over whichL is negative.
In Fig. 5 the result of the synchronization experiment p
formed on the Ro¨ssler system is shown by plotting the di
ference betweenx1 andy1 for u5p/3. Within the resolution
of the figure one obtains chaos synchronism in about 60 t
units. Note that in this example, when a plain phase sp
variable ~i.e., xi , i 51,2,3,4) is sent as the input to the r
ceiver subsystem, no synchronization is observed.

Clearly, for this approach to be successful one need
resolve the question concerning how to find regions in theK -
B parameter space yielding negativeL. Penget al.26 propose
the following general method as a possible solution. First,
a given system, replace in Eq.~19! the vectorx and its func-
tions by their average values calculated on the original c
otic attractor. Now Eq.~19! becomes a linear equation o
constant coefficients. Second, solve this linear equation
study how the eigenvalues change as the parametersBi and
Ki vary. This will give a rough indication as to how to loca
a favorable region to start our search. Third, beginning i
favorable region obtained above, integrate the full Eqs.~17!
and~19!, and gradually expand the parameter space expl
tion until finding a region where the value ofL is negative.

FIG. 4. The largest subsystem Lyapunov exponentL for the Rössler system
Eqs.~22!–~25! plotted as a function of the parameteru. It is seen that over
a substantial range of theu value L is negative indicating synchronism
between the sender and the receiver systems.
Chaos, Vol. 7,
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Nonlinear Observer Design and Hyperchaos Synchron
zation.For a special class of dynamical systems Grassi a
Mascolo28 made the following important observation. As-
sume thatF in Eq. ~17! has the following form

F~x!5Ax1Cf ~x!1D, ~26!

whereA is anm3m matrix, f (x) is a scalar function, andC
andD arem-dimensional column vectors. Equation~17! now
can be written as

dx~ t !/dt5Ax1Cf ~x!1D. ~27!

Let the transmitted scalar signal be

u~ t !5 f ~x!1KTx,

and express the receiver system as

dy~ t !/dt5Ay1Cf ~y!1D2C~v~ t !2u~ t !!, ~28!

wherev(t)5 f (y)1KTy. Defining an error variablee5y2x
and taking the difference between Eq.~28! and Eq.~27! we
obtain

de/dt5Ae2CKTe5Ae1Cp, ~29!

wherep52KTe plays the role of a state feedback. Note tha
Eq. ~29! is in the standard form of linear feedback contro
theory and is the continuous counterpart of Eq.~5!.

According to the standard pole placement procedure,30 if
the following controllability matrix

M5@CuACuA2Cu•••uAn21C#,

has full rank, then the eigenvalues of the matrixA2CKT can
be placed anywhere in the complex plane by choosing t
properK . In particular, thoseK vectors that lead to eigen-
values of negative real parts will makee50 a globally at-

FIG. 5. Result from our numerical synchronization experiment usin
u5p/3 ~see Fig. 4!. The difference between the variablex1 of the sender
and the variabley1 of the receiver asymptotes zero as time progresses.
No. 4, 1997
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652 Ding et al.: Control and synchronization in systems
tracting fixed point for Eq.~29!. This means that the scala
signal constructed using such vectors will result in synch
nization between the sender and the receiver.

If rank(M )5q,m then there arem2q eigenvalues tha
cannot be modified by the choice ofK . The condition for
synchronization now is that the real parts of these uncont
lable eigenvalues be negative.

Many examples studied in the context of chaos synch
nization in the literature have the same form of Eq.~27!. The
hyperchaotic Ro¨ssler equation considered earlier is an e
ample. Specifically, for this example, we have

A5S 0 21 21 0

1 0.25 0 1

0 0 0 0

0 0 20.5 0.05
D ,

C5(0,0,1,0)T andD5(0,0,3,0)T. The controllability matrix
in this case is full rank. It is shown in Ref. 28 that by choo
ing K5(23.3712,20.9561,4.3000,25.8126)T the eigenval-
ues ofA2CKT are placed exactly at21.

In summary, by considering a special form of send
equations, the question of synchronizing hyperchaotic s
tems by a scalar signal is reduced to the study of the w
developed linear control theory. In the more general ca
however, it seems the method given by Penget al.26 is still a
reasonable approach, although finding the region in the
rameter space where the systems synchronize remains a
lenging task.
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